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Abstract
In this work, we have considered the Ricci dark energy model, where the energy density of
the universe is proportional to the Ricci scalar curvature, in the dynamic Chern-Simons modified
gravity. We show that in this context the evolution of the scale factor is similar to that displayed
by the modified Chaplygin gas.
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Currently the accelerated expansion of the universe has been strongly confirmed by some
independent experiments such as the Cosmic Microwave Background Radiation (CMBR) [1]
and Sloan Digital Sky Survey (SDSS) [2]. In an attempt to explain this phenomenon there
are two possible paths; first option - propose corrections to general relativity, second option
- assuming that there is a dominant component of the universe, a kind of antigravity called
dark energy. Any way that we intend to follow, there are numerous models that attempt to
explain this effect.
One of the models of modified gravity that has stood out in recent years is the Chern-
Simons modified gravity, which was initially developed in [3]. This modification consists
in the addition of the Pontryagin density, which displays violation of parity symmetry in
Einstein-Hilbert action. In four dimensions the Pontryagin density is simply a topological
term, unless the coupling constant is not constant or promoted to a scalar field. The Chern-
Simons modification is not a random extension, but it is actually motivated by both string
theory, as a necessary anomaly-canceling term to conserve unitarity [4], and loop quantum
gravity [5]. For further details this proposal for a correction to general relativity, see the
revision made in [6]. In this paper, we will study the dynamic formulation of Chern-Simons
gravity, where the coupling constant is promoted to a scalar field, recent studies in this
formulation include: neutron star binary [7], spacetime with and without black holes [8],
among others.
From among the various models proposed for dark energy there are some that are based
on the holographic principle, known as holographic dark energy [9] [10]. Such models are
based on the idea that the energy density of a given system is proportional to the inverse
square of some characteristic length of the system, for example, in [11] energy density is
proportional to the Hubble scale, the future event horizon is used as the characteristic length
in [9]. However, these models exhibit some fundamental problems such as the problem of
fine tuning and/or coincidence problem. From these studies, it has been proposed in [12] a
model of dark energy where the characteristic length is given by the average radius of the
Ricci scalar, R−1/2. Thus, the dark energy density is proportional to the Ricci scalar, i.e.,
ρx = −
α
16π
R, (1)
where R is the Ricci scalar curvature and α is a constant to be determined. This model
avoids the problems of fine tuning and coincidence that arise in previous models. It is
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a phenomenologically viable model and displays results similar to that presented by the
cosmological model ΛCDM . In this work we will dedicate ourselves to investigate the Ricci
dark energy in the context of Chern-Simons modified gravity for homogeneous and isotropic
universe described by the Friedmann-Robertson-Walker (FRW) metric given by
ds2 = −dt2 + a(t)2
(
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdφ2
)
. (2)
In this case the Ricci scalar curvature is given by
R = −6
(
H˙ + 2H2 +
k
a2
)
, (3)
where k is the spatial curvature and H = a˙
a
is the Hubble parameter. Then, the energy
density becomes
ρx =
3α
8π
(
H˙ + 2H2 +
k
a2
)
. (4)
Now let’s study this dark energy model in the context of the dynamics Chern-Simons
modified gravity. The action that describes this theory is given by
S =
1
16πG
∫
d4x
[
√−gR + l
4
θ ∗RR− 1
2
∂µθ∂µθ + V (θ)
]
+Smat., (5)
where ∗RR is the topological invariant called the Pontryagin term, l is a coupling constant,
the function θ is a dynamical variable, Smat. is the action of matter and V (θ) is the potential,
that for simplicity we equal to zero. Varying the action with respect to the metric gµν and
to the scalar field θ we obtain the field equations, respectively
Gµν + lCµν = 8πGTµν , (6)
gµν∇µ∇νθ = −
l
64π
∗RR, (7)
where Gµν is the Einstein tensor and Cµν is Cotton tensor defined by
Cµν = − 1
2
√−g
[
vσǫ
σµαβ∇αRνβ +
1
2
vστ ǫ
σναβRτµ αβ
]
+(µ←→ ν), (8)
with vσ ≡ ∇σθ, vστ ≡ ∇σ∇τθ. The energy-momentum tensor is divided into two parts
Tµν = T
RDE
µν + T
θ
µν , (9)
where
T θµν = (∇µθ)(∇νθ)−
1
2
gµν(∇λθ)(∇λθ) (10)
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is the energy-momentum tensor associated with the scalar field and
TRDEµν = (ρx + px)UµUν + pxgµν (11)
is the the energy-momentum tensor of the Ricci dark energy. We have that Uµ = (1, 0, 0, 0)
is the four-velocity, ρx is the energy density (4) and px is the pressure of dark energy.
Now let’s study the component 00 of equation (6) which gives us the Friedmann equation
G00 + C00 = 8πG(T
RDE
00 + T
θ
00), (12)
where
G00 = 3
(
a˙2
a2
+
k
a2
)
, (13)
T θ00 =
1
2
θ˙2, (14)
TRDE00 = ρx = −
α
16π
R, (15)
and C00 = 0. As discussed in [13] the components of the Cotton tensor vanish for all
spherically symmetric metrics. Thus the Friedmann equation becomes(
a˙
a
)2
+
k
a2
= α
(
H˙ + 2H2 +
k
a2
)
+
4π
3
θ˙2, (16)
where we use natural units c = G = 1. We have that H˙ + 2H2 = a¨
a
+
(
a˙
a
)2
, thus
α
a¨
a
+
(
a˙
a
)2
(α− 1) + k
a2
(α− 1) + 4π
3
θ˙2 = 0. (17)
Assuming a flat universe, k = 0, we stay with
α
a¨
a
+ (α− 1)
(
a˙
a
)2
+
4π
3
θ˙2 = 0. (18)
Now let’s look at the field equation associated with the scalar field (7). For the metric
FRW we obtain that ∗RR = 0, thus this equation becomes
gµν∇µ∇νθ = gµν
[
∂µ∂νθ − Γλµν∂λθ
]
= 0. (19)
Choosing θ = θ(t), as was done in [3], this equation gives us
θ¨ + 3
a˙
a
θ˙ = 0. (20)
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Therefore, our set of field equations consists of the equations (18) and (20). Now our goal
is to resolve them to determine the evolution of the scale factor a(t). From the equation
(20) we note that θ is related to a(t) as
θ˙ = Ca−3, (21)
where C is a constant. Substituting this result into the equation (18) we obtain that
α
a¨
a
+ (α− 1)
(
a˙
a
)2
+ βa−6 = 0, (22)
with β ≡ 4piC2
3
.
For simplicity we make the following change of variable
u(a) =
da
dt
=⇒ udu
da
=
d2a
dt2
. (23)
Thus the equation (22) stays as
αu
du
da
+ (α− 1)u
2
a
+ βa−5 = 0. (24)
Solving this equation for u(a) we find
u(a) =
√
β + a2+
2
α (1 + α)c1
a2
√
1 + α
, (25)
where c1 is an integration constant. Now returning to the original variables a(t) and t we
can write
t =
√
1 + α
∫
a2da√
β + a2+
2
α (1 + α)c1
. (26)
Solving this integral for a(t) we find that
t = ξ a3 2F1
[
1
2
,
3α
2ζ
; 1 +
3α
2ζ
;−a
2+
2
α c1ζ
β
]
, (27)
where 2F1 is the hypergeometric function, ζ = 1 + α and ξ =
1
3
√
ζ
β
. At this time, let’s
analyze this result assuming α ≈ 1
2
as found in [12]. Thus
t =
a3√
6β
2F1
[
1
2
,
1
2
;
3
2
;−3c1
2β
a6
]
. (28)
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This result can be rewritten as
a
3(1+A)
2
2F1
[
x, x; 1 + x;− B
C(1 + A)
a
3(1+A)
2x
]
=
√
3
2
(1 + A)Cx t, (29)
where A = 1, B = 6c1, C = 2β and x =
1
2
.
We can also analyze this result (28) by writing the hypergeometric function as a hyper-
geometric series [14]. Doing this, we see that this series is equal to series of the function
arcsinh and so we can write
t =
1
3
√
c1
arcsinh
[√
3c1
2β
a3
]
. (30)
In this way, the scale factor can be written as
a(t) =
(
2β
3c1
) 1
6
sinh
1
3 (3
√
c1 t) . (31)
Comparing the result (29) with the developments in [15] we observe that they are similar.
Can also be seen here that the result for the scale factor, equation (31), is similar to those
obtained in [16] and [17].
Therefore, we conclude that we find for suitable choices of some parameters that the Ricci
dark energy model in the Chern-Simons gravity displays the same results obtained from the
modified Chaplygin gas, i.e., our results show that there is a correspondence between the
Ricci dark energy in gravity Chern-Simons and the modified Chaplygin gas. This correspon-
dence between the Ricci dark energy model and the Chaplygin gas has also already been
obtained in other contexts as shown in [18] [19]. Therefore, in our case, we found a gravity
model that exhibits the same behavior displayed by the modified Chaplygin gas.
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